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Introduction

Trend changes in historical mortality patterns

Structural changes in the long-term mortality trend are observable for many 

countries (Li et al. (2011), Börger & Schupp (2018))

Major risk for entities that are exposed to longevity risk
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Introduction

Longevity-linked securities

Longevity risk transfer market („new life market“)

Emerged in the UK in 2006

Academics have proposed several instruments to transfer longevity risk (Blake et. al (2018))

Huge success of insurance-based „customized longevity swaps“ 

Market is still illiquid and incomplete

Potential size of the global longevity risk market for pension liabilities between $60trn and 

$80trn (Michaelson and Mulholland (2015))

Stochastic mortality modeling

Required for modeling, quantification, and management of longevity risk

Typically, these models capture „diffusion risk“ around a constant trend (random walk with drift)

The possibility of future mortality trend changes is often left unmodeled (Sweeting (2011), Liu & 

Li (2017), Börger & Schupp (2018))
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Introduction

Pricing

Promising approaches

Risk-adjusted (risk-neutral) approach

Change of measure inspired by capital market theory (Cairns et. al (2006))

Prices are derived as expected values of discounted future cash flows

Cost of capital approach

Inspired by regulatory capital requirements for reinsurers (Börger (2010))

Expected return should exceed the additional capital charges for taking the risk

High practical relevance (Levantesi and Menzietti (2017), Zeddouk and Devolder (2019)) 

Shortcoming

Practical suitability highly depends on the adequacy of the underlying stochastic mortality model 

Ignoring the risk of mortality trend changes might significantly underestimate the risks taken

Objective

Implement and apply both approaches in a framework which explicitly allows for 

random future changes in the long term mortality trend

5



Modeling framwork

Longevity risk exposure

Simplified Portfolio of (deferred) annuities

Book population is subpopulation of larger 

reference population R 

Specific socioeconomic structure

Closed to new business

Appetite for taking longevity risk

Exploit diversification benefits

Earn a risk premium

No counterparty credit risk

Focus on the hedge provider

How much risk is taken?

For which price is he willing to assume this risk?

Hedger
Hedge provider 

(risk taker)

Fixed payments

Floating payments 
(linked to future mortality)

Hedging 
instrument
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Modeling framework

Multi-population AMT simulation model

AMT simulation 
model

(0 ≤ 𝑡 ≤ 𝑇𝜔)

socioeconomic 
mortality 

differentials

unsystematic 
mortality risk

𝒒𝒙,𝒕
[𝑹]

𝒒𝒙,𝒕
[𝒑]
,

𝑝 = 1, … ,𝑁𝑆𝑢𝑏

𝑩𝒙,𝒕
[𝒑]
,

𝑝 = 1, … ,𝑁𝑆𝑢𝑏

𝜅𝑡
[𝑅](𝑖)

, 𝑖 = 1,2

𝜅𝑡
[𝑝](𝑖)

, 𝑖 = 1,2

long-term 
mortality trend 

risk

𝑳 𝒕 : time-𝑡 random PV of all 
future liabilities

𝒉 𝒕 : hedge payment at time 𝑡
𝑯 𝒕 : time-𝑡 random PV of all 

future hedge payments

CBD model structure (Cairns et al. (2006))
• Reference population R

𝑙𝑜𝑔𝑖𝑡 𝑞𝑥,𝑡
[𝑅]

: = 𝑙𝑜𝑔
𝑞𝑥,𝑡
[𝑅]

1 − 𝑞𝑥,𝑡
[𝑅]

= 𝑘𝑡
1 [𝑅]

+ 𝑥 −  𝑥 𝑘𝑡
2 𝑅

• Socioeconomic subpopulations 𝑝 = 1,… ,𝑁𝑆𝑢𝑏

𝑙𝑜𝑔𝑖𝑡 𝑞𝑥,𝑡
[𝑝]

− 𝑙𝑜𝑔𝑖𝑡 𝑞𝑥,𝑡
[𝑅]

= 𝑘𝑡
1 𝑝

+ 𝑥 −  𝑥 𝑘𝑡
2 𝑝

Stochastic trend process (Börger & Schupp (2018))

• 𝑘𝑡
𝑖 [𝑅]

=  𝑘𝑡
𝑖 [𝑅]

+ 𝜀𝑡
𝑖 [𝑅]

, 𝑖 = 1,2

• Random noise around piecewise linear trend

•  𝑘𝑡+1
𝑖 [𝑅]

=  𝑘𝑡
𝑖 [𝑅]

+ 𝐴𝑀𝑇𝑡
(𝑖)
, 𝑖 = 1,2

• Actual mortality trend 𝐴𝑀𝑇𝑡
𝑖 = 𝐴𝑀𝑇𝑡−1

(𝑖)
+ 𝑂𝑡

(𝑖)
𝑆𝑡
(𝑖)
𝑀𝑡

(𝑖)

• 𝑂𝑡
(𝑖)

∈ {0,1} did a trend change occur?

• 𝑆𝑡
(𝑖)

∈ −1,1 sign of trend change

• 𝑀𝑡
(𝑖)

> 0 absolute trend change magnitude

Random walk with drift / autoregressive process

• 𝜀𝑡
𝑖 [𝑝]

annual random innovations for subpopulation 𝑝

Sampling survivors from a Binomial distribution
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Pricing approaches

Risk-adjusted measure

Market price of risk 𝝀𝑹𝒊𝒔𝒌
(𝒊)

> 0, 𝑖 = 1,2 for the individual longevity risk drivers 𝑅𝑖𝑠𝑘 ∈

{𝑂, 𝑆,𝑀, 𝜀, 𝑆𝑢𝑏} need to be specified

Risk-adjusted version of the AMT simulation model

Adjust the distribution of each individual risk driver 

Technique of multivariate normalized exponential tilting (Wang (2007), Chen and Cox (2009))

Hedge premium 𝑃0 ≔ 𝔼ℚ 𝐻 0 = 𝔼ℙ 𝐻 0 + 𝔼ℚ 𝐻 0 − 𝔼ℙ 𝐻 0

Risk driver Objective dynamics (ℙ) Risk-adjusted dynamics (ℚ)

Trend change occurence 𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 𝑝 𝑖
𝐵𝑒𝑟𝑛𝑜𝑢𝑙𝑙𝑖 Φ Φ−1 𝑝 𝑖 + 𝝀𝑶

(𝒊)

Trend change sign ℙ 𝑆𝑡
(𝑖)

= −1 = 0.5 ℚ 𝑆𝑡
(𝑖)

= −1 = Φ Φ−1 0.5 + 𝝀𝑺
(𝒊)

Trend change magnitude 𝐿𝑁 𝜇𝑀
(𝑖)
, 𝜎𝑀

(𝑖)2
𝐿𝑁 𝜇𝑀

(𝑖)
+ 𝝀𝑴

(𝒊)
𝜎𝑀
(𝑖)
, 𝜎𝑀

(𝑖)2

Noise around AMT 𝑁 0, Σ[𝑅] 𝑁 0 − 𝜦𝜺, Σ
[𝑅]

Socioec. mortality differentials 𝑁 0, Σ[𝑆𝑢𝑏] 𝑁 0 − 𝜦𝑺𝒖𝒃, Σ
[𝑆𝑢𝑏]

Best estimate Risk loading
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Pricing approaches

Cost of capital approach: Theory

Solvency Capital Requriements (SCRs)

Back business with sufficient economic capital

Under Solvency II, the SCR for issuing a longevity-linked security 𝐻 corresponds to the 99.5% 

quantile of (cf. Börger (2010)):

 𝑯 𝑻 + 𝟏 + 𝒉(𝑻 + 𝟏)

𝟏 + 𝒓
−  𝑯 (𝑻)

Potential loss if next year‘s realized mortality will be lower than anticipated 

Potential loss due to revised long-term mortality assumptions for the time beyond

Cost of capital 

𝑪𝒐𝑪𝑯 =

𝒕≥𝟎

𝒓𝑪𝒐𝑪𝑺𝑪𝑹𝑯(𝒕)

(𝟏 + 𝒓)𝒕+𝟏

𝑟𝐶𝑜𝐶 cost of capital rate: minimum rate of return that shareholders demand for providing capital

Ignoring diversification benefits, the hedge provider will be willing to offer the 

instrument at the objective best estimate value plus the expected cost of capital

𝑷𝟎 ≔ 𝔼ℙ 𝑯 𝟎 + 𝔼ℙ(𝑪𝒐𝑪𝑯)

Best estimate Risk loading
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Modeling framework

Multi-population AMT simulation model / EMT valuation model

EMT valuation 
model

(at time 𝑇)

AMT simulation 
model

(0 ≤ 𝑡 ≤ 𝑇𝜔)

Estimation of 
mortality trend
(Börger et. al (2019))

socioeconomic 
mortality 

differentials

unsystematic 
mortality risk

𝒒𝒙,𝒕
[𝑹]

𝒒𝒙,𝒕
[𝒑]
,

𝑝 = 1, … ,𝑁𝑆𝑢𝑏

𝑩𝒙,𝒕
[𝒑]
,

𝑝 = 1, … ,𝑁𝑆𝑢𝑏

𝜅𝑡
[𝑅](𝑖)

, 𝑖 = 1,2

𝜅𝑡
[𝑝](𝑖)

, 𝑖 = 1,2

𝜅𝑡
[𝑅](𝑖)

, 𝑖 = 1,2, 𝒕 ≤ 𝑻

𝜅𝑡
[𝑝](𝑖)

, 𝑖 = 1,2, 𝒕 ≤ 𝑻

long-term 
mortality trend 

risk

Estimation of 
„experience 

ratios“

 𝒒𝒙,𝒕
𝑹
(𝑻)

 𝒒𝒙,𝒕
𝒑

𝑻 ,

𝑝 = 1,… ,𝑁𝑆𝑢𝑏

𝑩𝒙,𝑻
[𝒑]

𝑝 = 1, … ,𝑁𝑆𝑢𝑏

𝑳 𝒕 : time-𝑡 random PV of all 
future liabilities

𝒉 𝒕 : hedge payment at time 𝑡
𝑯 𝒕 : time-𝑡 random PV of all 

future hedge payments

 𝑳 𝑻 : time-𝑇 best estimate for 𝑳 𝑻
 𝑯 𝑻 : time-𝑇 best estimate for 𝑯 𝑻

survivors at time 𝑇

 𝜅𝑡
[𝑅](𝑖)

, 𝑖 = 1,2, 𝒕 > 𝑻

 𝜅𝑡
[𝑝](𝑖)

, 𝑖 = 1,2, 𝒕 > 𝑻
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Pricing approaches

Cost of capital approach: Implementation

Illustration: one outer model path:

 𝑯 𝑻 + 𝟏 + 𝒉(𝑻 + 𝟏)

𝟏 + 𝒓
−  𝑯 (𝑻)

In a two-level nested simulation, entire distributions can be derived for

the required economic capital 𝑆𝐶𝑅𝐻(𝑇) and

the cost of capital 𝐶𝑜𝐶𝐻

T T+1 T T+1
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Pricing approaches

Discussion and qualitative comparison

To have fully specified pricing models at hand, 𝑟𝐶𝑜𝐶 and 𝜆 need to be specified

Practical 
applicability

Economic 
justification

Calibration
• Single pricing parameter 𝑟𝐶𝑜𝐶
• Starting point 𝑟𝐶𝑜𝐶 = 6%

Risk-adjusted 
measure

Cost of capital 
approach

• Market price 𝝀𝑹𝒊𝒔𝒌
(𝒊)

for each

longevity risk driver

• Restriction: 𝝀𝑹𝒊𝒔𝒌
(𝒊)

≡ 𝝀

• Model structure is preserved
• Applicable to any instrument
• Pricing operator is linear

• In the presented form, limited to
symmetric payout structures

• Pricing operator is not linear

• Not fully justified in an incomplete
market

• Of high practical relevance
• Only applies to reinsurers
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Numerical illustrations

Overview of model parameters

Model calibration

Reference population: National population of English and Welsh males (Human Mortality 

Database (2018))

Subpopulations: Five subpopulations of different socioeconomic status based on the Index of 

Multiple Deprivation (IMD) for England (Office for National Statistics (2018))

Choice of parameters

Description Parameter

Initial age of policyholders 𝑥0 =∈ 50,65,80

Retirement age 𝑥𝑅 = 65

Initial portfolio size 10,000

Socioeconomic book composition (0, 0, 0.3, 0.3, 0.4)

Risk-free interest rate 𝑟 = 2%

Cost of capital rate 𝑟𝐶𝑜𝐶 = 6%

Market price of longevity risk drivers 𝜆 (to be determined)
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Hedging instrument

Longevity swaps

Payout to the hedge provider

ℎ 𝑡 ≔ 𝕝 𝑥0+𝑡≥𝑥𝑅 𝑭𝒙𝟎+𝒕,𝒕 − 𝑺𝒙𝟎+𝒕,𝒕 , 0 ≤ 𝑡 ≤ 𝜏

Maturity 𝜏

𝑭𝒙𝟎+𝒕,𝒕: receives fixed forward rates (fixed at inception)

Forward Rates = Best estimate + Risk loading

𝑺𝒙𝟎+𝒕,𝒕: pays floating number of survivors (realized at time 𝑡)

Customized 

Linked to actual number of survivors in the book portfolio

Unlimited (𝜏 = 𝑇𝜔) design provides a perfect hedge

Index-based 

Linked to ex-post survival probability in the reference population

Hedger: population basis risk
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The risk margin and the market price of longevity risk 

Risk margin is higher for lower starting ages (longer maturities)

Considerable uncertainty regarding future capital charges
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Risk-adjusted forward rates

Risk loadings are

Higher for customized designs than for index-based designs

Higher for lower starting ages (longer maturities)
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Conclusion

Summary

Framework for pricing longevity-linked securities which accounts for the risk of unanticipated 

changes in the long-term mortality trend

Clear distinction between different components of longevity risk

Applicable to both customized and index-based instruments

Calibration of the market price of longevity risk

Key findings

In the presence of mortality trend changes most of the risk premium is allocated to longer 

maturities

Future Capital charges for longevity risk are subject to a considerable degree of uncertainty

Interesting implications for longevity risk management
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Life HealthNon-Life

What we do

Overview

Education

product development

biometric risks

life settlements/TEPs

product design ▪ pricing

reserving ▪ DFA

risk management

actuarial modeling

claims management

portfolio analyses

Solvency II ▪ embedded value ▪ asset liability management

ERM ▪ value- and risk-based management ▪ data analytics

large-scale actuarial projects ▪ actuarial tests

support in case of capacity constraints

… further information is 

available on our website 

www.ifa-ulm.de

Handout

project management ▪ market entries ▪ inforce management ▪ strategic consulting

Research
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Disclaimer

Please consider the following reliances and limitations:

This document must be considered in its entirety as individual sections, if considered in isolation, may be misleading. No reliance 

should be placed on any advice not given in writing. Draft versions of this document must not be relied upon by any person for any 

purpose. All decisions taking into account this document must consider the agreed basis and the specific purposes of this document. 

If reliance is placed contrary to the guidelines set out above, we disclaim any and all liability which may arise.

This document is based on our market analyses and views as well as on information which we received from you. We have checked

this information for consistency against our market knowledge and experience. But we have not undertaken any independent 

verification regarding completeness or correctness of this information. Statistical market data as well as information where the

source of the information is indicated are in general not checked by us. Please also note that this document was based on data 

available to us at, or prior to the date it was prepared. It takes no account of developments after that date and we are under no 

obligation to update or correct inaccuracies which may become apparent in the document. In particular, this holds for possible 

implications arising from the introduction of new regulatory requirements.

This document is based on our experience as actuarial advisers. Where, in the course of providing our services, we need to interpret 

a document, deed, accounts or relevant taxation provision or medical issues in order to advise you, we will do so with the 

reasonable skill and care to be expected of us in our professional capacity. Should you want definitive advice, for example as to the 

proper interpretation of a document, deed, accounts, relevant taxation provision or medical issues, you should consult your lawyers, 

accountants, tax advisers or medical experts for that advice.

As agreed, this document was made available for internal use only. Except with our written consent, this document must not be

reproduced, distributed or communicated in whole or in part to any third party. We disclaim all liability for consequences arising 

from any third party relying on our reports, advice, opinions, documents or other information.

Any reference to ifa in context with this document in any report, accounts, other published documents, or oral form is not authorised 

without our prior written consent. This holds similarly for any oral information or advice provided by us in the context of 

presenting/discussing this document.
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